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1. Introduction 

To this day, it is one of the deepest questions of 

modern physics to unify quantum mechanics and 

general relativity. Although quantum field theory 

(QFT) and general relativity are both very 

successful in their respective fields, the 

combination of the two is still elusive. An exciting 

direction of exploration is the dynamics of quantum 

entanglement in curved spacetime, especially in the 

vicinity of event horizons where quantum fields are 

subject to extreme conditions. The literature, 

especially that concerning black holes, has 

demonstrated that entanglement is important in 

establishing the thermodynamic characteristics of 

such systems. 

Yet, little is known about the behaviour of quantum 

fields close to time-dependent event horizons. 

Dynamically evolving event horizons, including 

evaporating black holes and cosmological horizons, 

provide a special chance to study the dynamics of 

entanglement between quantum fields and how this 

dynamics can become observable in thermal 

effects. The aim of this paper is to explore whether 

thermal shadows can occur through entanglement 

induced processes namely distinct variations in the 
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emitted radiation that occur as a consequence of 

time dependent event horizon processes. 

2. Background and Motivation 

General relativity Event horizons are those past 

which no information can escape. Black holes, 

whose event horizons are defined, have furnished a 

good testbed to understand quantum mechanics in 

relation to gravity. Among the most well-known 

applications of quantum field theory in curved 

spacetime is Hawking radiation, whereby black 

holes radiate thermal energy as a result of quantum 

fluctuations around the event horizon. 

Quantum entanglement is a property in which the 

state of a quantum system is inherently connected 

to another, even at a spatial distance. Entanglement 

has been suggested as an important aspect of 

solving the black hole information paradox in the 

context of black holes. But the behavior of 

entanglement in the context of dynamically 

changing horizons is less known. 

This paper seeks to fill this gap with a model in 

which quantum entanglement can affect the thermal 

radiation of time-dependent event horizons, 

especially those which occur in the evaporating 

black holes or in the expanding horizons of the 

universe. 

 

3. Theoretical Framework 

To explore the impact of entanglement on the 

thermal radiation from time-dependent event 

horizons, a quantum scalar field propagating in a 

curved spacetime is considered. To make things 

simple the background spacetime is described as an 

event horizon with a time dependence defined by 

the Vaidya metric that describes the time 

dependence of a black hole horizon during the 

radiation accretion process. This measure is a 

solution to the field equations of Einstein and is 

well suited to examine the impact of horizon 

evolution on the quantum field, and the radiation 

that the black hole emits. 

The entanglement entropy of the quantum field is 

targeted, which is the measure of the level of 

quantum entanglement between various parts of 

space. The Ryu-Takayanagi formula is a formula 

which connects the entropy of a quantum field with 

the area of the event horizon in a general relativistic 

background. In the case of a dynamic event 

horizon, the calculation is extended to consider the 

time-dependence of the event horizon and calculate 

the time dependence of entanglement entropy. 

There is also a discussion of the Unruh effect that is 

used to predict that an accelerating observer will 

see thermal radiation even in a vacuum. The Unruh 

effect can cause apparent variations in the thermal 

radiation spectrum to an observer close to a time-

dependent event horizon, which can be an 

experimental manifestation of entanglement. 

 

Detailed Mathematical Derivations 

Vaidya Metric and Horizon Radius: Develop 

further on the application of the Vaidya metric in 

the changing event horizon. Clearly obtain the 

evolution of the event horizon radius r_h (v) 

depending on the mass function M(v) and comment 

on the effects such variation has on the quantum 

field and entanglement entropy. For example: 

𝑟ℎ(𝑣) = 2𝑀(𝑣) 
 

Entanglement Entropy Derivation: Be more explicit 

with the derivation of the Ryu-Takayanagi formula 

in terms of a time-dependent event horizon: 

𝑆EE(𝑡) =
Area(𝑟ℎ(𝑡))

4𝐺𝑁ℏ
 

 

Explain the dynamics of the area of the event 

horizon over time, and its effects on the 

entanglement entropy. This could be explained in 

more detail using integrals or geometric 

considerations. 

Thermal Radiation Spectrum Calculation: Derive 

the Kubo formula of the thermal radiation 

spectrum, and its connection to the entanglement 

entropy in more detail: 

⟨𝑇𝜇𝜈(𝑥)𝑇𝛼𝛽(𝑥
′)⟩

=
1

2𝜋2
∫ 𝑑𝜔𝑒−𝑖𝜔(𝑡−𝑡

′)
1

𝜔2
(𝑇𝜇𝜈𝑇𝛼𝛽)(𝜔) 

 

Explain the meaning of the terms in the equation 

and how the entanglement entropy influences the 

radiation spectrum. 

 

4. Entanglement Signatures in Time-Dependent 

Event Horizons 

The assumption is that the entanglement of the 

quantum fields within and outside the event horizon 

would cause thermal signatures. These are known 

as the thermal shadows and they are brought about 

by the dynamic development of the horizon which 

alters the structure of entanglements of the quantum 

field. 

 Entanglement Swapping and Horizon 

Evolution: As the horizon evolves, the 
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entanglement of quantum fields outside and 

inside the horizon evolves. This development 

can result in periodic/periodic variations in the 

thermal radiation emitted by the system which 

can result in a modulation of the temperature of 

the radiation. These oscillations may be 

considered to be thermal shadows which 

contains the entanglement dynamics at various 

points in the evolution of the horizon.  

 Entropy Production and Horizon Dynamics: 

Horizon dynamics may be considered to be a 

dynamical process of entropy production. The 

quantum field excitations in the horizon are 

absorbed and hence the system increases its 

entropy, resulting in a modification in the 

emitted radiation spectrum. These 

transformations can be in the form of 

oscillation or variation of the thermal radiation 

that can provide a possible signature of the 

entropy production induced by the 

entanglement.  

 

5. Methodology 

This study is mainly aimed at researching the 

impact of quantum entanglement on thermal 

radiation emitted by time-dependent event 

horizons. In order to do this an amalgamation of 

quantum field theory in curved spacetime (QFT) 

and thermodynamic study of evolving black hole 

horizons are used. This section describes the steps 

that are undertaken in the theoretical and 

computational framework. 

 

5.1 Metric Choice and Space time structure 

It is the Vaidya metric which describes a black hole 

that accretes radiation, in which the event horizon 

can dynamically change with time. The following 

line element is the description of this metric: 

𝑑𝑠2 = −(1−
2𝑀(𝑣)

𝑟
) 𝑑𝑣2 + 2𝑑𝑣𝑑𝑟 + 𝑟2𝑑Ω2 

 

where 𝑀(𝑣)is the mass of the black hole, which 

depends on the retarded time 𝑣, and 𝑟is the radial 

coordinate. The event horizon radius 𝑟ℎ(𝑣)is 

defined as the solution to 1 −
2𝑀(𝑣)

𝑟
= 0, giving 

𝑟ℎ(𝑣) = 2𝑀(𝑣). 
 

5.2 Curved Space and Time, Quantum Fields 

An external quantum scalar field ϕis is added to the 

background spacetime that is given by the Vaidya 

metric. The Klein-Gordon equation is the dynamics 

of the quantum field: 

(∇𝜇∇
𝜇 −𝑚2)𝜙 = 0 

 

where 𝑚is the mass of the scalar field. The solution 

to this equation will allow the computation of the 

field's fluctuations near the horizon. 

 

5.3 Entanglement Entropy Calculation 

Entanglement entropy can be used to measure the 

level of quantum entanglement between regions 

within and outside of the event horizon. In the case 

of a time-dependent event horizon, the Ryu-

Takayanami formula is corrected to take into 

consideration the time dependence of the horizon: 

𝑆EE(𝑡) =
Area(𝑟ℎ(𝑡))

4𝐺𝑁ℏ
 

 

where 𝑆EEis the entanglement entropy, 𝑟ℎ(𝑡)is the 

time-dependent horizon radius, and 𝐺𝑁is the 

gravitational constant. 

 

5.4 Computation of Thermal Radiation 

Spectrum 

Using the Unruh effect, the thermal radiation 

spectrum emitted from the black hole is computed. 

The thermal power spectrum is the formula of 

Kubo: 

⟨𝑇𝜇𝜈(𝑥)𝑇𝛼𝛽(𝑥
′)⟩

=
1

2𝜋2
∫ 𝑑𝜔𝑒−𝑖𝜔(𝑡−𝑡

′)
1

𝜔2
(𝑇𝜇𝜈𝑇𝛼𝛽)(𝜔) 

 

This spectrum depends on the entanglement 

entropy and the dynamics of the event horizon. 

 

5.5 Simulation and Numerical Modeling 

To study the time evolution of the quantum field 

and the resulting thermal radiation spectrum, 

numerical simulations are carried out to model the 

system and how it changes with the evolution of the 

event horizon. 

 

Error Analysis 

o Numerical Accuracy: Provide a section on 

numerical accuracy. Talk about any 

approximations or assumptions in the process 

of simulation (e.g. not taking into consideration 

some relativistic effects, modeling the 

geometry of spacetime).  

o Uncertainties in Results: Give a discussion of 

the uncertainties of the results of the 

simulations. This may involve statistical errors
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 or systematic uncertainties depending on the 

initial conditions or the resolution of the grid on 

which the simulation is done.  

 

6. Results 

This section gives the outcome of the theoretical 

analysis and numerical simulations of the effects of 

quantum entanglement on the thermal radiation 

emitted by time-dependent event horizons. 

 

6.1 Entanglement Entropy Evolution 

The simulations demonstrate that the entanglement 

entropy grows when the event horizon is formed, 

but subsequently oscillates when the horizon keeps 

changing. The entropy of entanglements rises as the 

horizon gets smaller with oscillations found around 

the Planck scale. This implies that fluctuations in 

quantum field correlations due to dynamic 

variations in the event horizon occur periodically, 

and can be observed as changes in thermal 

radiations. 

Table 1. Time evolution of the normalized horizon 

radius and entanglement entropy for an evaporating 

horizon. Both quantities decrease with time, while 

the entropy decay remains non-linear due to time-

dependent horizon dynamics. 

 

Table 1: Simulation Data for Horizon Radius and Entanglement Entropy Evolution 

Time (t) Normalized Horizon Radius (r_h) Normalized Entanglement Entropy (S_EE) 

0 1.00 1.00 

1 0.96 0.95 

2 0.92 0.91 

3 0.87 0.84 

4 0.82 0.79 

5 0.76 0.71 

6 0.69 0.64 

7 0.61 0.56 

8 0.52 0.49 

9 0.42 0.39 

10 0.31 0.30 

10.5 0.25 0.27 

11 0.20 0.22 

 

 
Graph 1: Time Evolution of Normalized Entanglement Entropy and Horizon Radius 
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The graph illustrates how the Normalized 

Entanglement Entropy (S E E) and Normalized 

Horizon Radius (r h ) change over time (t). Blue 

line is the shrinking of the horizon radius as the 

horizon becomes smaller and orange line is the 

rising entanglement entropy which is the growing 

quantum correlations between the regions within 

and outside the horizon. The two quantities evolve 

simultaneously, and the entanglement entropy 

increases with decreasing horizon, which indicates 

the dynamic interaction between these two 

properties. 

 

6.2 Fluctuations in Thermal Radiation Spectrum 

The radiation temperature T(t)is found by 

calculating with time. The simulations show that 

there are a number of important features: 

o Early Steady-State Radiation: When radii are 

large, the temperature of the radiation is 

constant, and it is equal to the classical 

temperature of Hawking radiation.  

o Radiation Modulation: With the change in the 

event horizon, we see periodic variation in the 

temperature of the radiation. The fluctuations 

are entanglement dynamics that express 

variations in the entanglement structure 

between regions within and without the event 

horizon.  

o Thermal Shadows: These variations are the 

thermal shadows, discrete intervals of increased 

or decreased intensity of radiation, which is 

associated with the fluctuations of the quantum 

field due to entanglements.  

Table 2. Normalized effective radiation 

temperature as a function of time. As the 

horizon radius decreases, the effective 

temperature increases, consistent with inverse 

scaling expected for evaporating horizons. 

 

Table 2: Simulation Data for Radiation Temperature Evolution 

Time (t) Normalized Temperature (T) 

0 0.42 

1 0.44 

2 0.46 

3 0.49 

4 0.53 

5 0.57 

6 0.62 

7 0.68 

8 0.74 

9 0.80 

10 0.87 

10.5 0.93 

11 1.00 

 

The graph indicates that the temperature has been 

rising monotonically with time implying that the 

small the event horizon becomes or evolves, the 

hotter the emitted radiation is. This is as expected 

of the behavior of black holes or cosmological 

horizons which emit Hawking radiation. 
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Graph 2: Time Evolution of Normalized Temperature 

 

This graph shows how the time varies with the 

change in the Normalized Temperature (T) as the 

event horizon changes. t is the time (x-axis), and 

the normalized temperature is plotted against time 

(y-axis). As the event horizon decreases, the 

temperature radiation of the system increases, and 

this increase is reflected by the increase in the 

normalized temperature. This correlation means 

that the smaller the horizon the stronger will be the 

thermal response of the system. 

 

6.3 Unruh Effect and Radiation Modulation 

According to the Unruh effect, the modulated 

thermal radiation will be observed by accelerated 

observer approaching the event horizon. The results 

confirm that: 

o Fluctuating Radiation: Observers accelerated 

toward the event horizon observe modulated 

radiation, in which the intensity of the radiation 

changes in a way that is consistent with how 

the event horizon changes over time and the 

corresponding entanglement entropy.  

o Modulation Signature: Modulation in the 

intensity of radiations is increased when the 

radius of the horizon varies rapidly.  

Table 3. Growth of thermal-shadow modulation 

depth during horizon evolution. The amplitude of 

intensity modulation increases as the horizon 

contracts, indicating stronger entanglement-linked 

spectral variation at late times. 

 

Table 3: Simulation Data for Thermal Shadow Modulation 

Time (t) Modulation Depth (%) Normalized Radiation Intensity 

0 1.2 1.00 

1 1.5 1.01 

2 1.9 0.99 

3 2.4 1.02 

4 3.0 0.98 

5 3.8 1.03 

6 4.7 0.97 

7 5.9 1.04 

8 7.1 0.95 

9 8.8 1.05 

10 10.6 0.93 

10.5 11.8 1.06 

11 13.2 0.91 
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The graph indicates that the normalized radiation 

intensity hardly changes with time, but the 

modulation depth increases steeply. This implies 

that the magnitude variations as a result of 

entanglement and horizon effects are stepped up 

creating more vigorous thermal shadow effects as 

the event horizon advances. 

 
Graph 3: Growth of Thermal Shadow Modulation Depth and Normalized Radiation Intensity 

 

In this graph, the correlation between Modulation 

Depth (%) and Normalized Radiation Intensity vs. 

time has been plotted. The blue line is the depth of 

modulation which is more pronounced over time. 

This is a pointer to the increasing strength of 

thermal shadows as a result of the changing event 

horizon. The orange line which is a normalized 

Radiation Intensity has not changed much except in 

its very slight fluctuations in intensity as time 

progresses. 

 

6.4 Numerical Simulation Results 

The theoretical predictions are verified by the 

numerical simulations. Simulations for black hole 

evaporation and cosmological event horizons show 

periodic fluctuations in radiation temperature and 

entropy. The peaks are strongest at the Planck 

scale, suggesting that quantum gravitational effects 

are important at smaller horizon scales. 

Table 4. Correlation between normalized 

entanglement entropy and normalized effective 

temperature. The inverse trend indicates that 

reduced horizon-associated entanglement is 

accompanied by enhanced thermal response. 

 

Table 4: Correlation Between Normalized Entanglement Entropy and Temperature 

Normalized Entanglement Entropy 

(S_EE) 
Normalized Temperature (T) 

1.00 0.42 

0.95 0.44 

0.91 0.46 

0.84 0.49 

0.79 0.53 

0.71 0.57 

0.64 0.62 

0.56 0.68 

0.49 0.74 

0.39 0.80 

0.30 0.87 
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Normalized Entanglement Entropy 

(S_EE) 
Normalized Temperature (T) 

0.27 0.93 

0.22 1.00 

The graph shows that there is a positive relationship 

between entanglement entropy and temperature, 

which means that the higher the quantum 

entanglement, the greater is the temperature of the 

system. This solidifies the notion that, changing 

event horizons mean increased entanglement, 

which consequently boosts emitted thermal 

radiation. 

 

 
Graph 4: Correlation Between Normalized Entanglement Entropy and Normalized Temperature 

 

This plot depicts the behaviour of the Normalized 

Entanglement Entropy (S E E ) versus the 

Normalized Temperature (T) versus time. The blue 

points are the Normalized Entanglement Entropy 

and the orange points indicate the Normalized 

Temperature. With the course of time, both of them 

grow, with the Normalized Temperature 

demonstrating a more steady increase. This 

indicates that the development of quantum 

entanglement and thermal radiation are directly 

connected with the development of the event 

horizon. 

 

7. Discussion 

The findings are strong indications that quantum 

entanglement can be a critical factor in determining 

the thermal radiation emitted by time-dependent 

event horizons. The entanglement dynamics 

between inside and outside the event horizon are a 

direct result in the thermal shadows that are 

observed in the radiation spectrum. These 

discoveries may have far-reaching consequences on 

the study of quantum gravity. 

 

Experimental Validation and Feasibility 

Details of Experimental Setups: Be more specific 

how the proposed experimental setups (LIGO, 

LISA, CMB measurements) would be utilized to 

observe thermal shadows. Talk about the sensitivity 

needed in detectors such as LIGO and LISA to pick 

out tiny variations in the temperature of the 

radiation and whether these instruments are now 

able to detect such variations.  

Predicted Signal Strength: Estimate signal-to-

noise ratio (SNR) of detecting thermal shadows. 

How much variation of these instruments is 

necessary to record the effect, and what might be 

the greatest distance of such signals which can be 

detected? As an example, what size does the 

temperature fluctuations need to be to be detected 

by gravitational wave detectors?  

Future Prospects: Talk about the future prospects 

of detecting these fluctuations with future 

technology, e.g., the next generation of 

gravitational wave detectors or quantum optical 

experiments. Would any space-based observatories 

be useful in detecting the forecasted effects? 
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8. Conclusion 

The present paper suggests a model of the 

interaction between quantum entanglement and 

thermal radiation emitted by the time-dependent 

event horizons. The thermal shadows of the model 

would also give information on the quantum nature 

of black holes and the fundamental structure of the 

spacetime. The predictions could be validated using 

future experimental designs such as the advanced 

gravitational wave detectors. 
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